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' Abstract. We investigate when the fundamental group of the smooth part of a K3 

surface or Enriques surface with Du Val singularities, is finite. As a corollary we give 
an effective upper bound for the order of the fundamental group of the smooth part 
, of a certain Fano 3-fold. This result supports Conjecture A below, while Conjecture 

' A (or alternatively the rational-connectedness conjecture in [KoMiMo] which is still 

; , open when the dimension is at least 4) would imply that every log terminal Fano 

' variety has a finite fundamental group. 
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Introduction 

We work over the complex numbers field C. In this note, we consider the topo- 



O 

Q I logical fundamental group 7ri(T*^) of the smooth part of a normal projective 



variety T. In general, it is difficult to calculate such groups. Even in surface case, 
we still do not know whether there is a plane curve C such that the group 7ri(P^\C) 
is non-residually finite; we note also that only in 1993, D. Toledo constructed the 
first example of compact complex algebraic variety with non-residually finite fun- 
damental group, which answered a question of J. P. Serre. 

In the present paper, the algebraic variety T is assumed to be either a K3 
^ ■ surface, or an Enriques surface or a Q-Fano 3-fold, which has at worst log terminal 
singularities. We will see from Theorem 3 and its proof that 7ri(T^) of these three 
different objects are closely inter-related. 

First, let X be a K3 surface with at worst Du Val singularities (which is certainly 
log terminal; see [Ka]). Then X is still simply connected (cf. [Kol, Theorem 7.8]). 
By [Nil, Theorem 1], the number c = i^{SmgX) is bounded by 16, and if c = 16 
then TCi{X^) is infinite (cf. Remark 1.4). Recently, Barth [Bl] has extended this 
result in the following way : if each point in SingX is of Dynkin type An (n > 2) 
then c < 9 and in the case c = 9, ni{X^) is infinite. Our Theorem 1 below also 
implies that the condition c = 16 (resp. c = 9) in the result of Nikulin (resp. Barth) 
is actually necessary and sufficient for ni(X^) to be infinite (see Theorem 1 below 
for the precise statement). 

A similar result is obtained for the fundamental group 7ri(VF'') of the smooth part 
of an Enriques surface with at worst Du Val singularities (Theorem 2). In contrast 
with the K3 case, ni{W^) may not be abelian and may not be p-elementary in the 
abelian case. 
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One motivation behind this note is Theorem 3 below in connection with the study 
of higher dimensional geometry and an attempt to solve the conjectures below. In 
what follows, a normal variety V with at worst log terminal singularities is Q-Fano 
if, by definition, the anti-canonical divisor —Ky is Q-Cartier and ample. 

Conjecture A. Let V be a Q-Fano n-fold. Then the topological fundamental 
group 7ri{V^) of the smooth part ofV is finite. 

Conjecture B. Let V be a Q-Fano n-fold. Then the topological fundamental 
group TTi (V) is finite. 

Conjecture C. Let V be a Q-Fano n-fold. Then V is rational- connected. 

Here V is rational-connected, if any two general points of V can be connected 
by a single irreducible rational curve. Clearly, Conjecture A implies Conjecture B. 

Conjecture A was proposed in [Zl] and was answered in affirmative when the 
Fano index of V is greater than dim]/ — 2. When dim]/ — 2, Conjecture A was 
proved to be true in [GZ1,2] or [Z2] (see [FKL] and [KM] for new proofs; see also 
[Z3]). 

Conjecture C implies Conjecture B [C, Kol]. Conjecture C has been proved 
when dim]/ < 3 [C, KoMiMo], but it is still open when dim V > 4. Our Theorem 
3 below is a support towards Conjecture A. 

Now we state our Theorem 1. Let X be a K3 surface with Du Val singularities. 
Let f : X ^ X he a, minimal resolution, A = /"^(SingX) the reduced exceptional 
divisor of / and Z[A] the sublattice of H'^{X,Z) generated by the cohomology 
classes of irreducible components of A. The universal covering map Y* X° = 
X\SingX can be extended to a morphism {Y* C)Y ^ X such that Y/7ii{X^) = X; 
indeed, if ni{X^) is finite, then Y is the normalization of X in the function field 
C{Y*); if 7ri{X^) is infinite, 7 is given in Theorem 1 (3). 

Theorem 1. Let p be a prime number and X a K3 surface with c (c > 1) 
singularities of type Ap_i[i.e., type 1)) and no other singularities. Then 

one of the 18 rows in Table 1 occurs; each of these 18 rows is realized by a concrete 
example. Table 1 shows precisely the topological fundamental group tti{X^) and 
Singy,- in particular, we have: 

(1) p < 19; ifp>7 then 7ii{X^) = (1). 

(2) Suppose that 7ri{X^) is finite. Then 7ri(X°) = {'Z/{p)Y for some < /c < 4 
and Y (a compactification of the universal cover of X°) is a K3 surface with at 
worst several type Ap-i singularities. 

(3) Suppose that 7ri(X°) is infinite. Then {p,c) — (2, 16) or (3,9), and there is 
a Z/{p)- Galois cover Xi X unramified over X° such that Xi (^C^/{a lattice)) 
is an abelian surface. Hence we have an exact sequence: 

(1) ^ Z e Z = 7ri(Xi) ^ 7ri(X") ^ Z/{p) ^ (1). 

The composition 7 of the natural morphisms Y = C'^ —>■ Xi —>■ X , restricted over 
X^, is the universal covering map of X^. 

Our next theorem utilizes Theorem 1 but needs some lattice-theoretical argu- 
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Theorem 2. Letp be a prime number. Let W be an Enriques surface containing 
a configuration of smooth rational curves of Dynkin type cAp-i (the direct sum of 
c > 1 copies of Ap-i), and let be the surface with these c{p — 1) curves on W 
removed. 

Then one of the 26 rows in Table 2 occurs; in particular, 7ri(VF°) is soluble and 
it is infinite if and only if {p, c) — (2, 8). Though the realization of the 2 rows in 
Table 2 are unknown yet, each of the remaining 24 rows in Table 2 is realized by a 
concrete example. 

The following is an application of Theorems 1 and 2 and a partial answer to 
Conjecture A above. 

Theorem 3. Let p be a prime number. Let V be a Fane 3-fold with a Cartier 
divisor H such that m{Kv + H) is linearly equivalent to zero for m = 1 or m = 2. 
Suppose that a member H of \H\ is irreducible normal and has c singularities of 
type Ap-i and no other singularities. 

Then the fundamental group 7ri(y°) of the smooth part of V is the im- 
age of a group in Table 1 or 2. In particular, tti{V^) is soluble; and if ip,c) ^ 
(2, 8), (2, 16), (3, 9), then |7ri(V°)| <2p^ for some < k < 4:. 

Remark 4. (1) On a Q-Fano 3-fold V, a relation m{Kv + -ff) ~ with H 
a Cartier divisor occurs when V has Fano index 1 and Cartier index m. It is 
conjectured that in this situation m = 1,2. This conjecture is confirmed by T. 
Sano [Sa] under the stronger condition that V has at worst terminal cyclic quotient 
singularities. On the other hand, a result of Minagawa [Mi] shows that any terminal 
Q-Fano 3-fold of Fano index 1 can be deformed to a Q-Fano 3- fold of Cartier index 
1,2. 

(2) By Ambro [A, Main Theorem], a general member of is normal irreducible 
and has at worst log terminal singularities; so H has at worst Du Val or type (—4) 

or type (—3) — (—2) — (—2) — (—3) singularities since 2Kjj ~ (cf. the proof 

of Theorem 3), whence the condition on Sing H in Theorem 3 is quite reasonable. 
By the proof in §4, we always have a surjective homomorphism 7ri{H^) — > 7ri(F°), 
where = H— Sing H. In [SZ], a sufficient condition for 7ri(iy°) to be finite is 
given when Kh ~ 0. 

(3) The author has not been able to construct an example of V in Theorem 3 
satisfying (p, c) = (2, 8), (2, 16) or (3, 9). 

Theorems 1, 2 and 3 are proved respectively in §2, §3 and §4. 

Acknowledgment. Part of this work was done when the second author was 
visiting University of Missouri and University of Michigan in 1999. He would like 
to thank both institutions for their hospitality. This work was finalized during the 
first author's visit to Singapore under the Sprint programme of the Department of 
Mathematics. He thanks NUS for the financial support and the hospitality. Both 
authors are very thankful to Professor I. Shimada for the interest in this paper who 
actually found an alternative shorter proof of the Table 1 using computer. They 
also thank Professor R. V. Gurjar for his crucial help in proving Theorem 3. This 
work was partially financed by an Academic Research Fund of National University 

„f 



4 



J. KEUM AND D. -Q. ZHANG 



§1. The K3 case with p = 2 

1.1. We will frequently and implicitly use the following observation: Let / : 
X X, c he as in Theorem 1. Then there is a Galois Z/(p)-cover a : Z X 
ramified exactly over a ci-point subset H — {pi, . . . ,Pci} of SingX if and only if 
there is a relation ^^1^ A* ~ pL on X, where L is a Cartier divisor and A* is an 
effective Cartier divisor with support equal to Aj := lJiLif~^{pi) and coefficients 
in A* coprime to p. 

Indeed, assuming the above equivalent conditions, one note that A^ = Y^lJ^ Ai(/c)| 
is a linear chain of (— 2)-curves and can check that A* = di Efc=i kA,{k) for some 
integer di coprime to p. Moreover, one has 0{L)^p = Ox with L the /-image of 
L, and a is given by: 

(J : Z = Spec ©^Jo Ox{-iL) X. 

Lemma. (1) Let E C SingX and letXi X be a minimal resolution of singular 
points not in E. Then ni{X^) = 7ri(X \ E), where := Xi \ SingXi. 

(2) One has Hi{X \H,Z)^ ZE~A^/Z[^. A,] ^ (Z/(p))®'^ for some 0<k< 
ci, where for a sublattice T of H'^{X, Z), we denote by T its primitive closure. 

(3) Z[^^ Ai] is primitive in H'^{X, Z) 7Ti{X\H) is a perfect group H does 
not include any p- divisible subset (cf. 1.2 below). 

Proof. (1) follows from [Kol, Theorem 7.8] since X has at worst log terminal 
singularities. The first isomorphism in (2) follows from the proof of [X, Lemma 2], 
while the second follows from the assumption on SingX. (3) is a consequence of 
(1) and 1.1. 

Definition and Remark 1.2. Let X be as in Theorem 1. A subset H of SingX 
is p-divisible if there is a Galois Z/(p)-cover Z X ramified exactly over H (cf. 
1.1). When p = 2, H is 2-di visible if and only if f~^{H) is 2-divisible in the lattice 
PicX (see also 3.8). 

Lemma 1.3. (cf. [Nil, Lemma 3]) Let p,X,X^,c be as in Theorem, 1. Suppose 
that there is a Galois Z/{p)-cover a : Z ^ X , ramified exactly over SingX {i.e., 
SingX is p-divisible) . Then (p, c) fits one of the following cases: 

(2, 8), (2, 16), (3, 6), (3, 9), (5, 4), (7, 3). 

Moreover, if (p, c) = (2, 16), (3, 9), then Z is an abelian surface and hence 

7ri(X0)/(Z©Z) = Z/(p); 

^/ ip^c) fits one of the remaining 4 cases, then Z is a (smooth) K2t surface and 
hence tti{X^) = Z/{p). 

Proof. By the assumption, for each singular point pi of X , qi = (J~^{pi) is a 
single point and Z is smooth. Now Kx ~ implies that Kz ~ 0, whence Z is 
either abelian with Euler number e{Z) = or K3 with e{Z) — 24. The lemma 
follows from the calculation (noting that K3 surfaces are simply connected) : 
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Remark 1.4. There is a converse to Lemma 1.3 by [Nil] and [Bl]. Suppose 
that X is a K3 surface with SingX = cAi where c > 16 (resp. SingX = cA2 
where c > 9). Then c = 16 (resp. c = 9) and Sing X is p-divisible with p = 2 
(resp. p = 3); so there is a Galois Z/(p)-cover Y X unramified over X^ so that 
Y is an abelian surface. In particular, iti{X^) is infinite soluble and all assertions 
in Theorem 1 (3) hold. When p — 2, the covering involution of Y coincides with 
L : {x,y) ^ {-x,-y). 

Lemma 1.5. Let f : X ^ X, c be as in Theorem 1 with p = 2. Suppose that 
Hi,H2 are two distinct 2-divisible 8-point subsets of SingX . Then either c = 16 
and SingX = HiU H2, or c> 12 and \Hi n = 4. 

Proof. By 1.1, one has A/2 G H'^{X,Z), where A = T.xeHj~^i^)- Then 
{Di + D2)/2 E H^{X, Z). Now the lemma follows from 1.1 and Lemma 1.3 (noting 
that c < 16 always holds by Remark 1.4). 

Lemma 1.6. Let X, c be as in Theorem 1 with p = 2. 

(1) Suppose that c = 13. Then there are 2-divisible 8-point subsets Hi,H2 of 
SingX with nifal = 4. 

(2) Suppose that c > 14. Then there is a 12-point subset S of SingX such that 
E includes only one 2-divisible subset H. 

(3) Suppose that c > 14. Then there is an 11-point subset Si 0/ SingX such that 
El does not include any 2-divisible subset. 

Proof. In view of Lemma 1.5, for (1), it suffices to show that SingX includes 
two distinct 2-divisible (8-point) subsets. By the proof of [Nil, Lemma 4] or [Bl, 
Lemma 2], SingX includes a 2-divisible 8-point subset Hi. The same reasoning 
shows that any 12-point set consisting of 7 points in Hi and the 5 singular points 
of X not in Hi, includes a 2-divisiblc 8-point subset H2 (^ Hi). (1) is proved. 

For (2), applying (1), we get 2-divisible 8-point subsets Hi,H2 of SingX with 
\Hi n H2\ =4. Take two singular points pi,P2 of X not in Hi U H2, and one 
point ps in Hi but not in H2. Applying Lemma 1.5, we see that we can take 
{Hi - {ps}) UH2U {pi} as S, for i = 1 or i = 2. 

For (3), we let Si be any subset of S in (2) containing not more than 7 points 
of if. 

1.7. Let A — C'^/Aa be an abelian surface with l the involution (x,y) 1— > 
{—X, —y). Denote by A2 the set of the 16 t-fixed points, which is a subgroup of 
A consisting of the 2-torsion points. One can regard A2 as a 4-dimensional vec- 
tor space over the field Z/(2). The quotient X := A/{l) is a K3 surface with 16 
singularities pi of Dynkin type Ai dominated by the points in A2. The bijection 
A2 ^ SingX defines on the latter a 4-dimcnsional Z/(2)-vector space structure. 
One sees easily that 7ri(X°)/7ri(yl) = Z/(2) and 7ri(X°) is generated by the invo- 
lution L and Aa- 

Suppose that if is a 2-divisible 8-point subset of SingX and cr : Z — > X the 
corresponding Z/(2)-cover ramified exactly over H. Then each singular point of X 
not in H splits into two type Ai singularities of Z and these 16 points form the 
singular locus SingZ. So Z = B/{l) with B = C^/A^ an abelian surface (Remark 
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The covering a induces t\\{X^^ j-Kx^Z^^ = Z/(2). One can verify that is an 
index-2 sublattice of A^- This way, we obtain a commutative diagram: 



Note that a : B2 ^ A2 (and hence a : SingZ — > SingX) is a rank-3 linear map 
between Z/(2)-vector spaces of dimension 4. 

Lemma 1.8. Let X = A/ {l) be a Kummer surface. Then we have: 

(1) An 8-point subset H of SingX is 2-divisible if and only if it is an affine 
hyperplane of the Z/{2)-vector space SingX. 

(2) For both i = 1,2, there is a 12-point subset of SingX such that 7ri{Xf) = 
7ii{X \ Ei) is equal to Z/(2) (resp. (Z/(2))®^^ when i — 1 (resp. i = 2), where 
Xi X is a minimal resolution of singularities not in Sj and X^ is the smooth 
part of Xi. 

Proof. (1) follows from [Nil, Cor. 5 and Remark 1]. 

(2) Let Hi, H2 be 2-divisible 8-point subsets of SingX with \H1r\H2 \ = 4 (Lemma 
1.6). As in 1.7, let o" : Z — > X be the double cover ramified exactly over Hi. Then 
one can verify that H2 := a~^{H2)ri SingZ = cr~^(i72 \ -f^i) is an affine hyperplane 
of SingZ and hence the group 7ri{Z\H2) equals Z/(2) (see the proof of Lemma 1.3). 
The covering map a implies that this group is an index-2 subgroup of 7Ti{X \ S2) 
where E2 = Hi U H2. Hence the group ni^X \ E2) has order 4; since X has no 
type A3 singularity, this group equals (Z/(2))®^ (cf. [X, Theorem 3]). One has 
ni{X^) ^7ri{X\ E2) by Lemma 1.1. 

By Lemma 1.6, we can find a 12-point subset Si of SingX so that Ei contains 
only one 2-divisible 8-point subset H. As in 1.7, let cr : Z ^ X be the double 
cover ramified exactly over H. Let g : Z Z he a minimal resolution with 
r = g~^{SmgZ), a disjoint union of 16 smooth rational curves. The covering 
map cr implies that 7ri(X \ Ei) has the (trivial) group in (iii) below as an index-2 
subgroup. So (2) is reduced to the proof of the claim below. 

Claim 1.8.1. (i) The 8-point set cr-i(Ei \ H) = cr-i(Ei) n SingZ is not an 
affine hyperplane of SingZ, and hence does not include any 2-divisible set. 
(ii) The fundamental group of Z with the 8 points in (1) removed, is trivial. 

If the ffist assertion of the claim is false, then the 8-point set would be an affine 
hyperplane and hence its cr-image is contained in an affine hyperplane Hs of SingX 
which has to consist of the 4 points T,i\H and 4 points in H, and Ei would include 
two distinct 2-divisible subsets H,H2^, a contradiction. 

By (i) and Lemma 1.1, the group in (ii) is perfect. Moreover, this group is soluble 
and hence trivial because it is the image of tti {Z^) while the latter is soluble [Remark 
1.4]. This proves the claim and also the lemma. 

Lemma 1.9. Let f : X ^ X, A, c be as in Theorem 1 with p = 2. Suppose 
that Z[A] is primitive in H^{X, Z) (this is true if c < 7; see Lemmas 1.1 and 1.3). 



CVAb = B 
C/Aa = A 



Z = B/{i) 
X = A/{c) 
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Proof. By the proof of [Nil, Lemma 4] or [Bl, Lemma 3], the primitivity of Z[A] 
imphes that c < 11. /,From [Ni2, Theorem 1.14.4] and its remark, one deduces that 
there is a unique primitive embedding of Z[A] into the K3 lattice. Now by the 
connectivity theorem [Ni3, Theorem 2.10], we are reduced to show the lemma for 
any particular Xi satisfying the same condition of the lemma. 

Let X be a (smooth) Kummer surface with 16 disjoint smooth rational curves. 
By Lemmas 1.1 and 1.6, among these 16, there are 11 curves Ei {1 < i < 11) such 
that if X — > Xi is the contraction of Ei, . . . , Ec (c < 11) then SingX does not 
include any 2-divisible subsets. Thus 7ri(X°) = (1) as in the proof of Claim 1.8.1. 
The lemma is proved. 

Proposition 1.10. Let f : X ^ X , A, c he as in Theorem 1 with p = 2. 

(1) If c ^ 12, then 7Ti{X^) equals Z/(2) or (2/(2))®^ (both are realizable; of 
Lemma 1.8). 

(2) Suppose that c < 11 and Z[A] is non-primitive in H^{X, Z). Then c > 8 and 
7ri(X°) = Z/(2) (each 8 < c < 11 is realizable). 

(3) If c= 13, then 7ri(X0) equals (Z/(2))®2. 

(4) Ifc=U, then tti(X°) equals (Z/(2))®3. 

(5) If c= 15, then tti{X^) equals (Z/(2))®4. 

Proof. (1) By the proof of [Nil, Lemma 4] or [Bl, Lemma 3], Z[A] is not 
primitive. So there is a double cover a : Z ^ X ramified exactly at an 8-point 
subset H of SingX. One has SingZ = cr~^(SingX \ if), consisting of 8 singular 
points of type Ai. If SingZ is not 2-divisible, then the condition in Lemma 1.9 
is satisfied (Lemma 1.1), whence 7ri(Z°) = (1) and 7ri(X") = Z/(2). If SingZ is 
2-divisible then ni{X^) = (Z/(2))®2 as in Lemma 1.8. 

(2) follows from Lemma 1.3 and the arguments in (3). For the realization of 
each c, we let H be any affine hyperplane of SingA/(t) (cf. 1.7) and X — > A/{l) a 
minimal resolution of any 16 — c points not in H. 

(3) By Lemma 1.6, there are two 8-point subsets Hi,H2 of SingX with \Hi fl 
H2\ =4. Let cr : Z — > X be the double cover ramified exactly over Hi. Then 
i?2 := c~^(-f^2 \ -f^i) is a 2-divisible 8-point subset of SingZ; to see this, we apply 
1.1, pull back the relation on X arising from the 2-divisible set II2 to a relation 
on a minimal resolution of Z and apply 1.1 again. Note that SingZ consists of 10 
points of type Ai. Let r : F — > Z be the double cover ramified exactly over H2. 
Then SingY consists of 4 points of type Ai. So 7ri(y°) = (1) by Lemma 1.9. Thus 
|7ri(X'^)| = 4 so that Y/ni{X'^) = X. Since X has at worst type Ai singularities, 
7ri(X0) ^ (Z/(2))®2 (cf. [X, Theorem 3]). 

(4) c = 14 implies that SingX = H1UH2UH3 with nif2 nifs] = 2 (Lemmas 
1.6 and 1.9). Let a : Z ^ X he the double cover ramified exactly over Hi. Set 
Hi = (T-\Hi \ Hi) {i = 2,3). Then SingZ = #2 U H^. As in (3), H2 and Hs 
are 2-divisible. Hence 7ri(Z") = (Z/(2))®^ as in the proof of Lemma 1.8. So 
7ri(X°) = (Z/(2))®^ by the same reasoning as in (3). 

(5) Let H he a. 2-divisible 8-point subset of SingX (Lemma 1.9) and let a : Z — > 
X he the double cover ramified exactly over H. Then SingZ consists of exactly 14 

;„j-„ i- A M rr\ c^^^ c ™ r a\ ] ^-^ ; , ;„ /'o^ 
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§2. The KS case with p>3 

We shall prove Theorem 1 at the end of the section. We treat first the case 
p — 3. Let us start with: 

Example 2.1. For each c G {1,...,7}, we shall construct an example of X 
satisfying the conditions of Theorem 1 with p = 3 and 7ri(X^) = (1); in particular, 
Z[A] is primitive in H^{X, Z). 

It suffices to do for c — 7. Let X ^ be an elliptic K3 surface with a section 
Po, singular fibres of type /i, /i, /2, /s, /4, /13 and trivial Mordell Weil group MW. 
This is N0.39 in [MP, the Table] or No.91 in [SZ, Table 2]. Clearly, Pq together 
with some fibre components form a divisor A of Dynkin type 7A2. Let X ^ X he 
the contraction of A. By [No, Lemma 1.5], if one lets F be a general fibre, then 
one has an exact sequence: 

7ri(F\Po)^7ri(X°)^7ri(P^) = (l). 

Note that the first homomorphism above factors through 7ri(Fi \ Pq) (= Z) where 
Pi is a fibre of type Ii. Hence tti(X^) is cyclic. Since the group MW is trivial and 
all fibres are reducible, the components of A form a partial Z-basis of Pic{X) and 
hence Z[A] is primitive in H'^{X,Z). Thus the group 7ri(X°) is perfect (Lemma 
1.1); so it is trivial. 

Example 2.2. Here is an example of X satisfying Theorem 1 with [p, c) — (3, 8) 
and ni{X^) = Z/(3). 

Let X — > be an elliptic K3 surface with a section Pq, singular fibres of type 
/2,/3,/3,/4,/6,/6 and the Mordell Weil group MW ^ Z/(6). This is N0.IO8 in 
[MP, the Table] or No. 8 in [SZ, Table 2]. Write the 6 singular fibres as (in natural 
ordering) 

1 2 2 3 5 5 

X/-^*' X/^*' X/-^*' X/-^^' 

i=0 i=0 i=0 i=0 i=0 i=0 

SO that Po meets components with index 0. Let Pi be a generator of the group 
MW. By the height pairing in [Sh], one can verify that (after relabeling) Pi meets 
Go, Ai, Pi, C2, Di, El and P2 = 2Pi meets Go, A2, P2, Cq, P'2, P2, and Pi nP2 = 0. 

Let A = (Po + Go) + (Ai + A2) + (Pi + P2) + (Gi + G2) + (Pi + P2) + {D4 + 
P5) + (Pi + P2) + {E4 + P5), which is of Dynkin type 8^2- Expressing P2 as a 
Q-combination of Po,P (a general fibre) and fibre components of index > 1, we 
get: 

Ai + 2A2 + Pi + 2P2 + P5 + 2P4+ 
P2 + 2Pi + P5 + 2P4 + P2 + 2Pi = 3L, 
L = Po - P2 + 2P - (P3 + P2 + ^3 + E4). 

Let f : X ^ X he the contraction of A. Denote by L the image on X of L. Then 
C>(L)®3 ^ Ox. Let a :Y = SpecQf^^ Ox{-iL) ^ X be the canonical Galois 
Z/(3)-cover unramified over X^ . Note that Y consists of 6 points of type A2 (the 

— tin i \ 1 1 i W 
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Let y — > y be a minimal resolution with F the exceptional divisor. Then the 
preimage on Y of C3 is a disjoint union of C3, C3 , C3' so that C^.T = 1. If Singy is 
3-divisible, then as in 1.1, we get a relation: Ylt^i Sfc=i ^^^(/c) ~ 3M. Intersecting 
this with C3 we see that C3 meets at least two components of F, a contradiction. 
Hence Singy does not include any 3-divisible subset (cf. Lemma 1.3) and hence 
7ri(y0) = (1) by Proposition 2.5 (1) below. Thus ni{X^) = Z/(3). 

2.3. Let A be an abelian surface with an order-3 symplectic automorphism r so 
that A'^ is a 9-point set. Such an example is shown in [BL]. Then X = A/{t) is a 
K3 surface with 9 singularities of type A2. 

Lemma 2.4. Let X — A/{t) be as in 2.3. In the following, we let Xi — > X 6e 

a minimal resolution of singularities not in E and Xi = Xi \ SingXi. 

(1) For each c — Q,7, there is a c-point subset S 0/ SingX such that tti{X^) = 
7ri(X\S) = Z/(3). 

(2) There is an 8-point subset S of SingX such that 7ri(X°) = 7ri(X \ S) = 
(Z/(3))®2. 

Proof. By [Bl, Claim 2 in §4] : "each pair of points lie on a unique line", which 
means that each 7-point subset of SingX includes a unique 3-divisible subset 6- 
point subset H. Let T, = H (resp. T, = H Li {pi} with pi a singular point of X 
not in H) when c = 6 (resp. c = 7). Let cr : y — >^ X be the Galois Z/(3)-cover 
ramified exactly over H. Now E := a~^(E) fl Singy consists of 3(c — 6) points of 
type A2 and hence does not include any 3-divisible subsets (Lemma 1.3). So the 
group 7ri(y\E) is perfect (Lemma 1.1). We have also 7ri(X\E)/7ri(y\E) = Z/(3). 
Now the group 7Vi{Y \ E) is trivial because it is also soluble being the subgroup of 
7ri(X \ S), while the latter is the image of the soluble group 7ri(X°) [Remark 1.4]. 
This proves (1). 

(2) Let E be an 8-point subset of SingX including two 6-point subsets Hi,H2 
with \Hi n = 4 (in notation of [Bl], the lines determined by Hi,H2 have a 
unique common point). Now (2) is similar to Lemma 1.8 (2) or Proposition 1.10 
(3). 

Proposition 2.5. Let X — X, A, c be as in Theorem 1 with p — 3. 

(1) Suppose that Z[A] is primitive in H'^{X, Z), i.e., SingX does not include any 
3-divisible subset (this is true if c < 5). Then c < 7 and 7ri(X*^) — (1) (each c < 7 
is realizable by Example 2.1). 

(2) Suppose that c < 7 and Z[A] is non-primitive in H^{X,Z). Then c = 6, 7 
and 7ri(X'^) = Z/(3) (both c are realizable by Lemma 2.4). 

(3) Suppose that c = 8. Then 7Ti{X^) equals Z/{3), or {Z/{3))®^ (both groups 
are realizable by Example 2.2 and Lemma 2.4). 

Proof. (1) As in [Bl, Lemma 3], the primitivity of Z[A] implies that c < 7. 
Now as in Lemma 1.9, we are reduced to show 7ri(X^) = (1) for a particular Xi 
satisfying Theorem 1 with p — 3 and c < 7. So just let Xi be the one constructed 
in Example 2.1, and (1) is proved. 

(2) By 1.1 and Lemma 1.3, one has c > 6, and there is a 3-divisible 6-point 
subset H of SingX and a corresponding Galois Z/(3)-cover Y ^ X ramified exactly 
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include any 3-divisible subsets (Lemma 1.3). Thus 7ri(y'^) = (1) by (1), whence 
7ri(X°) = Z/(3). 

(3) This is similar to Proposition 1.10 (applying (1)). 

Next we consider the case p > 3. We begin with examples. 

Example 2.6. (1) For each c < 4, we construct an example X satisfying the 
conditions in Theorem 1 with p = b and 7ri(X^) = (1); in particular, Z[A] is 
primitive in H'^{X, Z). 

It suffices to construct an X with c — 4. Let X — be an elliptic K3 surface 
with a section Pq, singular fibres of type /i, /i, /s, Is, /e, le and trivial Mordell Weil 
group MW. This is No.64 in [MP, the Table] or No.9 in [SZ, Tab^e 2]. Clearly, 
some fibre components form a divisor A of Dynkin type AA^. Let X — > X be the 
contraction of A. Then as in Example 2.1, one has 7Ti{X^) = (1). 

(2) For each c < 3, we construct an example X satisfying the conditions in 
Theorem 1 with p = 7 and 7ri(X'^) = (1); in particular, Z[A] is primitive in 
H^{X,Z). 

It suffices to construct an X with c = 3. Let X — > P-*^ be an elliptic K3 surface 
with a section Pq, singular fibres of type /i, /i, /i, /e, /y, /g and trivial Mordell Weil 
group. This is No.29 in [MP, the Table] or No.41 in [SZ, Table 2]. Clearly, Pq and 
some fibre components form a divisor A of Dynkin type 3^6. Let X — > X be the 
contraction of A. Then as in Example 2.1, one has 7ri(X'^) = (1). 

Example 2.7. (1) We construct an example X satisfying the conditions in 
Theorem 1 with (p, c) = (5,4) and 7ri(X°) = Z/(5). Also see Remark 3.3 for 
another construction. 

Let X ^ P-*^ be an elliptic K3 surface with a section Pq, singular fibres of type 
/i,/i,/i,/i,/io,/io and the MordeU Weil group MW ^ Z/(5). This is No.9 in 
[MP, the Table] or No.54 in [SZ, Table 2]. Write the type ho singular fibres as (in 
natural ordering) 

9 9 

SO that Pq meets -^o- Then a generator Pi of the group MW meets A2, B4 after 
relabeling. Let A = ^ti + Ete + Eti + Ete S,. Let X ^ X be the 
contraction of A. As in Example 2.2, we can verify that 

(4Ai + 3A2 + 2 A3 + A4) + (4^6 + 3Ar + 2^8 + ^9) + 
(3Si + B2 + 4S3 + 2S4) + (3^6 + B7 + 4Bs + 2B9) = 5L, 
L = Po-Pi+2F-{A2 + A3 + A4 + A5 + B2 + B3 + 2B4 + 2B5 + Bq + B7), 

and proceed as there to obtain 7ri(X°) = Z/(5). 

(2) We construct an example X satisfying the conditions in Theorem 1 with 
{p, c) = {7, 3) and 7ri(X0) = Z/(7). 

Let X — > P^ be an elliptic K3 surface with a section Pq, singular fibres of type 
/i, /i, /i, /t, /y, I7 and the Mordell Weil group MW = Z/(7). This is No.30 in [MP, 

rp„i 1 1 — ivT„ 1 o ;„ rev rp„i 1 ol Ti7;.,;j-„ J- T „; CI „„ j- 1 
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ordering) 

f^A, J^Bi, 

i=0 i=0 i=0 

SO that Pq meets Aq, Bq^Cq. Then a generator Pi of the group MW meets 

Ai,B2, C3 after relabehng. Let A = Ei=i + Ei=i + EJ=i Ci- Let X ^ X 
be the contraction of A. As in Example 2.2, we can verify that 

(6^1 + 5A2 + 4^3 + 3^4 + 2^5 + ^e) + (55i + 3^2 + ^3 + 6S4 + 4^5 + 2^6)+ 
(4Ci + C2 + 5C3 + 2C4 + 6C5 + SCe) = 7L, 
L = Po-Pi + 2F-{B2 + B3 + C2 + C3 + C4), 

and proceed as there to obtain 7ri(X°) = Z/(7). 

Example 2.8. For each k < 18, we construct a K3 surface X so that X has a 
type Af. singularity as its only singularity and 7ri(X°) = (1). 

It suffices to construct an X with k — 18. Let X — > be an elliptic K3 surface 
with a section Pq, singular fibres of type /i, /i, /i, /i, /i, /19 and trivial Mordell 
Weil group. This is No.l in [MP, the Table] or No. 112 in [SZ, Table 2]. Clearly, 
some fibre components form a divisor A of Dynkin type Aig. Let X ^ X he the 
contraction of A. Then as in Example 2.1, one has 7ri(X°) = (1). 

Proposition 2.9. Let f : X ^ X , A, c > 1, p be as in Theorem 1. Then we 

have: 

(1) p < 19; if p — 5 then c < 4; if p — 7 then c < 3; if p > 7 then c — 1. 

(2) Suppose that p = 5,7 and Z[A] is primitive in H'^{X, Z) (this is true when 
p = 5 and c < 3, or p = 7 and c < 2). Then 7ri(X°) = (1) (all {p,c) = (5, < 
4), (7, < 3) are realizable by Example 2.6). 

(3) Suppose that p = 5,7 and Z[A] is non-primitive in H^{X,Z). Then {p,c) 
equals (5,4) or (7,3), and tti{X^) = Z/{p) (both cases are realizable by Example 
2.7). 

(4) Suppose that p > 7. Then tti{X°) = 1 (all prime numbers 7 < p < 19 are 
realizable by Example 2.8). 

Proof. (1) follows from the calculation 20 > p{X) — p{X)-\-c{p—l) > l+c(^>— 1). 
As in Lemma 1.9, the assertions (2) and (4) need to be verified only for a par- 
ticular X in Example 2.6 or 2.8, and hence are true. 

(3) By Lemma 1.1, Sing X is p-divisible. So (3) follows from Lemma 1.3. 

Now Theorem 1 in the introduction is a consequence of Remark 1.4, Lemma 1.9 
and Propositions 1.10, 2.5 and 2.9. 

§3. The fundamental group of an open Enriques surface 

We shall prove Theorem 2 in the section. Let W be an Enriques surface. The 
second cohomology group H^{W, Z) = PicVF is isomorphic to Z^^ © Z/(2), where 

J- ; — ;„ „ „1 rpi „ r j. u2/ti/ r7^ „J™;j-„ „ „ 
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structure of a lattice which is even, unimodular and of signature (1,9) and hence 
isomorphic to U ® -Eg, where U is the unimodular hyperbolic lattice of signature 
(1,1), and £^8 the negative definite lattice associated with the Dynkin diagram of 
type Eg. 

Assume that W contains a configuration of smooth rational curves of Dynkin 
type cAp-i, where p is a prime. Then the pair {p, c) is one of the following: 
p = 7, c = 1 
p = 5, c = 1, 2 
p=3, c=l, 2,3,4 
p=2, c=l,2,---,8. 

Conversely, for each pair (p, c) in the above list, by considering various ellipic 
fibrations one can prove the existence of an Enriques surface with c singularities of 
type Ap-i (see [CD]). 

Suppose that an Enriques surface W contains a configuration of rational curves 
of Dynkin type cAp^i. We fix the following notation: 

= the open Enriques surface obtained by deleting those c{p — 1) rational 
curves from W. 

X° = the inverse of W° in the K3 cover X of W. 

Lemma 3.1. // {p, c) = (7, 1), then 7ri{W^) = Z/(2). 

Proof. In this case X° corresponds to the case (p, c) = (7, 2) in Table 1, so it is 
simply connected. 

Lemma 3.2. (1) // (p, c) = (5, 1), then 7ii{W^) = Z/(2). 

(2) // (p,c) = (5,2), then ni{W^) = Z/(2), Z/(10), or the dihedral group Dio 
of order 10. The first case occurs if the AA^ on the K3 cover of W is primitive; 
the second if the 2A4 on W is non-primitive; the third if the 2A4 on W is primi- 
tive, while the 4A4 on the K3 cover is non-primitive. All three cases occur. (See 
Examples 3.4 below.) 

Proof. (1) This case follows immediately from Table 1. 

(2) Since ni{W^) is an extension of 7Ti{X^) by Z/(2), we see from Table 1 that 
7Vi{W'^) = Z/(2), Z/(10), or the dihedral group Dio of order 10. The second group 
contains a normal subgroup of index 5, and occurs as tti{W^) only if there is a 
Galois covering of W of degree 5, unramified over W^. The third group contains 
no normal subgroup of index 5. 

Lemma 3.3. Let p be an odd prime. Let D be a divisor on an Enriques surface 
W. Suppose that PicW contains a subgroup N of finite index coprime to p, and 
that the intersection number of D with any element of N is a multiple of p. Then 
D is p-divisible in PicW. 

Proof. This follows from the unimodularity of PicW/ (torsion) and the divisibility! 
of the 2-torsion Kw = pKw 

Examples 3.4. 
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Let W be the Example IV from [Kon] ; this is one of the 7 famihes of Emiques 
surfaces with finite automorphisms. 

There are 20 smooth rational curves Ei, E20 on W. (See Figure 4.4 in [Kon].) 
Take 8 curves E'le, -E'4, -Ea, -Eis, En, £"5, Eiq on W, which form a configuration 
of Dynkin type 2A4. These are irreducible components of an elliptic pencil of type 
2/5 ® 2/5. We claim that the divisor 



is 5-divisible in PicVF. To see this, first note that D intersects with any of the 20 
curves E^ in a multiple of 5 points. Next, consider an elliptic pencil of type Iq © Iq 
together with a double section to infer that among the 20 curves are there 10 curves 
which generate a sublattice isomorphic to 



a sublattice of index 2^ of the unimodular lattice Pic VF/ (torsion). Now apply 
Lemma 3.3. 

(3.4.2) The case with {p,c) = (5, 2) and miW^) = Z/(2) 

Let W be the same surface as in Example (3.4.1). Take 8 curves Eiq, E4, E^, 
Ei^, Ell, Ell, E^, Es on W, which form a configuration of Dynkin type 27^4. 
These are irreducible components of the same elliptic pencil of type 2/5 © 2/5 as 
above. The corresponding 16 curves on the K3 -cover of W form a configuration 
of Dynkin type 4A4, and can be found in Figure 4.3 in [Kon]. It is checked that 
for any mod 5 nontrivial integral linear combination of the 16 curves can one find 
a smooth rational curve which intersects the combination in a non-multiple of 5 
points. So, the 4A4 is primitive. 

(3.4.3) The case with {p, c) = (5, 2) and 7^1(^0) = Dio 

Let W be the Example I from [Kon] (see also [D]). There are 12 smooth rational 
curves Fi, F12 on W. We give the dual graph below for the readers' convenience. 



Take 8 curves Fg, F3, F4, F5, Fi, Eg, F7, Fio on 1^, which form a configuration 
of Dynkin type 2A4. These are irreducible components of an elliptic pencil of type 
//*. By intersecting with En and E12, we see easily that the 2A4 is primitive. 

On the other hand, the corresponding 16 curves F^^ on the K3 -cover of W form 
a 5-divisible configuration of Dynkin type 4A4. To see this, note that the 16 curves 
are irreducible components of an elliptic pencil of type II*® 1 1*, so that the divisor 



D = {E16 + 2F4 + 3^3 + 4F13) + (2Fn + 4^5 + Es + SEw) 




Figure 3.4.3 



F+ + 2E+ + 3E+ + 4:F+ + 2E+ + 4:F+ + F+ + 3F+ 



+4F9- + 3F3- + 2F4- + F5- + 3F{- + Fg- + 4Ff + 2E{q - 5L, 



r TJi— I TJi— I 17— I 17— I 17— I 17— I 17— I O TJi— I TTI— 17'+ 771+ 
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is clearly 5-di visible. 

Lemma 3.5. Let W be an Enriques surface. 

(1) If W has an elliptic pencil with a singular fibre of type IV* , then the con- 
figuration of Dynkin type 3^2 consisting of non- central components of this fibre 
is primitive, while the corresponding 12 curves on the KZ- cover of W form a 3- 
divisible configuration of Dynkin type QA2 . 

(2) Any configuration of smooth rational curves on W of Dynkin type 4A2 con- 
tains exactly one 3-divisible sub- configuration of Dynkin type 3A2. 

Proof. (1) Write the singular fibre as 

Fi + 2F2 + F3 + 2F4 + F5 + 2Fe + 3F7. 

The 6 curves Fi, Fq form a non- primitive 3A2 if and only if the divisor 

Fi + 2F2 + F3 + 2F4 + F5 + 2Fe 

is 3-divisible, if and only if a general fibre is 3-divisible, which is impossible, because 
no elliptic pencil on an Enriques surface has a triple fibre. 

On the other hand, the corresponding 12 curves F^ on the K3 -cover form 
a 3-divisible configuration of Dynkin type 6A2, as the 12 curves are irreducible 
components of an elliptic pencil of type IV* © IV* , and hence the divisor on the 
K3 -cover 

F+ + 2F+ + F3+ + 2F+ + F+ + 2F+ 

+2F- + F- + 2F- + F- + 2F- + F' = 3L, 

L = F^+ F^ + F3- + F4- + F5- + Fe" + Ff - F+ , 

is clearly 3-divisible. 

(2) Let M be the sublattice of the unimodular lattice PicVF/ (torsion) generated 
by the given 8 curves of Dynkin type 4A2. Let M be its primitive closure. Since the 
discriminant group of M is a 3-elementary group with 4 generators and the orthog- 
onal complement M-*- has rank 2, M/M must have order 3 or 3^. In other words, 
M is not primitive and contains exactly one or four 3-divisible sub-configurations 
of Dynkin type 3A2. The second possibility can be ruled out by the following claim 
and (1). 

Claim 3.5.1. Any configuration of smooth rational curves on W of Dynkin type 
4A2 is equivalent, by a composition of reflections in a smooth rational curve, to a 
conflguration of the same type consisting of irreducible components of an elliptic 
pencil of type IV* © Is or IV* © 2/3. 

To prove the claim, observe that — detM-*- is a perfect square, so that we can 
find an isotropic element of M^, and hence a primitive isotropic element A of 
PicVF which is orthogonal to the 8 curves. The divisor A consists of an elliptic 
configuration B and, possibly, trees of smooth rational curves, say, Fj. These trees 
may contain some of the 8 curves. Let g be the composition of reflections in a 
smooth rational curve Ei which maps A to B. Then g maps the 8 curves to 8 

„™ — j-1 1 „ ; „„™ j- c ^-^ ll;„j-;„ loDi 
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(A reflection is, in general, not even an effective isometry, but in our case g has 
the desired property.) Finally, It is easy to check that if an elliptic pencil on an 
Enriques surface contains 8 smooth rational curves of Dynkin type 4^2, then it 
must be of type IV* ® h or IV* © 2/3. 

Lemma 3.6. (1) // (p, c) = (3, 1), or (3, 2), then tti{W^) = Z/(2). 

(2) // (p,c) = (3,3), then 7ri(M^°) = Z/(2), Z/(6), or the symmetry group S3 
of order 6. The first case occurs if the 6A2 on the K3 cover of W is primitive; 
the second if the 3A2 on W is non-primitive; the third if the 3A2 on W is primi- 
tive, while the 6A2 on the K3 cover is non-primitive. All three cases occur. (See 
Examples 3.7.1 — 3 below.) 

(3) // (p, c) = (3,4), then 7Ti{W^) = Z/(6), or Ss x Z/(3). The first case occurs 
if the 8A2 on the K3 cover of W contains only one 3-divisible 6A2; the second if 
the 8A2 on the K3 cover is a union of two 3-divisible QA2. The second case is 
supported by an example. (See Example 3.7.4 below.) 

Proof. (1) These two cases follow from Table 1. 

(2) From Table 1, we see that tti{W^) is an extension of (1) or Z/(3) by Z/(2) 
and hence is isomorphic to Z/(2), Z/(6), or Ss- 

(3) From Table 1, we see that 7ri(VF°) is an extension of 7ri(X°) = Z/(3), or 
(Z/(3))®2, by Z/(2). There are 5 possibilities: Z/(6), ^3, (Z/(3))®2 x Z/(2), 
^3 X Z/(3), or G18/5, where the last group is the nonabelian group of order 18, 

G18/5 = {a, b, c\a^ = b^ = = 1, ab = ba, aca = bcb = c). 

By Lemma 3.5(2), the 4^2 is non-primitive, so 7ri(VF*^) has a normal subgroup of 
index 3. This rules out the second and fifth possibilities. Note that the third group 

has 4 normal subgroups of index 3. The third case occurs if and only if the 4^2 on 
W contains four different 3-divisible 3^2, if and only if the 4^2 on W is of index 
3^ in its primitive closure in PicVF/ (torsion). This is impossible again by Lemma 
3.5(2). 

Example 3.7. 

(3.7.1) The case with (p, c) = (3,3) and t:i{W^) = Z/(2). 

Let W be the Example II from [Kon]. There are 12 smooth rational curves 
Fi, ...,-Fi2 on W. We give the dual graph below for the readers' convenience. 

Figure 3.7.1 

Take 6 curves Fi, F2, -F5, Fq, Fq, Fiq on W, which form a configuration of Dynkin 
type 3A2, and let be the surface with these 6 curves removed from W. On the 
K3 cover of W we have 12 curves 

-^1^ ) ^2 ) Fi , F2 , F^ , Fg+ , F5" , Fq , Fg+ , F^Q , Fq , F^Q 

which form a configuration of Dynkin type 6A2. We claim that this 6A2 is primitive, 
whence ni{W^) = Z/(2) by Lemma 3.6. Suppose that there is an integral linear 
combination of the 12 curves 

n „+ T7I+ I „+ T7I+ I „— T7I— I „— TTI— i i „— En— i „— TTi— 
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which is 3-divisible in the Picard lattice of the K3 cover. Intersecting D with F{' 
and F+, we see that modulo 3 

< D, F+ >= -2a+ + a+ = 0, < D, F+ >= a+ = 0. 

Thus af = a2= 0. Similarly, intersecting D with , , , , , F^, we 
see that all coefficients of D are modulo 3. This proves the claim. 

(3.7.2) The case with {p, c) = (3, 3) and ni{W^) = Z/(6). 

Let W be the Example V from [Kon]. There are 20 smooth rational curves 
El, £^20 on W; see Figure 5.5 in [Kon]. Take 6 curves Ei, Eg, E-j, Eg, -E'14, Eiq, 
on W, which form a configuration of Dynkin type 3^2- We claim that the divisor 

D — 2Ei + Eq + 2E7 + + £"14 + 2EiQ 

is 3-divisible in Picl^. To see this, first note that D intersects with any of the 20 
curves Ei in a multiple of 3 points. Next, consider the elliptic pencil \Eiq + E2o\, 
which is of type /// * ©2/2. Its irreducible components together with a double 
section Eis generate a sublattice isomorphic to 

^7 © -4i ® 

a sublattice of index 2 of the unimodular lattice PicW / (torsion). Now apply Lemma 
3.3. 

(3.7.3) The case with (p, c) = (3,3) and ni{W^) = S^. 

Let W be an Enriques surface with an elliptic pencil containing a singular fibre 
of type IV*. Take the 6 curves of Dynkin type 3^2 out of this fibre. Then the 
result follows from Lemma 3.5(1). 

(3.7.4) The case with {p, c) = (3,4) and ni{W^) ^ S3 x Z/(3). 

Let W be the Example V from [Kon]. There are 20 smooth rational curves 
Ei,...,E2o on W; see Figure 5.5 in [Kon]. Take 8 curves E3, E4, Ei, Eq, E7, 
Es, -E'14, EiQ, on W, which form a configuration of Dynkin type 4^2- These are 
irreducible components of an elliptic pencil of type IV* © I^. We have proved in 
Example 3.7.2 that the divisor 

D = 2Ei + E6 + 2Er + E8 + £^14 + 2^16 

is 3-divisible in PicVF. On the other hand, by Lemma 3.5(1), the 6 curves £^3, £^4, 
El, Eq, E-j, Eg form a primitive configuration of Dynkin type 3^2, whose pull back 
on the K3 -cover form a 3-divisible configuration of Dynkin type 6A2. 

Definition 3.8. Let W be an Enriques surface with a configuration of Dynkin 
type kAi, i.e. mutually disjoint k smooth rational curves. The configuration is 
called 2-divisible k-point set if the sum of the k curves is equal to 2L for an integral 
divisor L on W; since is the only torsion element in Pic(iy) and since 2L = 
2(L + Kw): there are exactly two double covers of W both branched exactly at 
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Let X be the K3 cover of W. Then the pull back on X of a Dynkin type cAi 
configuration on W, is of Dynkin type 2cAi . Hence a configuration of Dynkin type 
kAi is 2-divisiblc only if A; = 4, or 8. Note also that the pull back on X of AAi on 
W is 2-divisible if and only if the 4Ai is congruent to or Kw modulo 2 in Pic(l^). 

Let Ki and K2 be distinct 2-divisible 4-point sets on an Enriques surface. Then 
|i^i ni^2| = 0, or 2. If |i^i ni^2| =2, then the symmetric difference K1AK2 is also 
a 2-divisible 4-point set. 

Lemma 3.9. (1) Ifp^2, c= 1,2, or 3, then 7ri{W^) = Z/(2). 

(2) If{p,c) = (2,4), then 7ri{W^) = Z/(2), (Z/(2))®^ or Z/(4). The first case 
occurs if the 8A1 on the K3 cover of W is primitive; the second if the AAi on W is 
2-divisible; the third if the 4Ai on W is primitive, while the 8A1 on the K3 cover 
is 2-divisible. 

(3) If{p,c) = (2,5), then ni{W^) = Z/(2), (Z/(2))®^ or Z/(4). The first case 
occurs if the lOAi on the K3 cover of W is primitive; the second if the 5Ai on W 
contains a 2-divisible A-point subset; the third if the 5Ai on W is primitive, while 
the lOAi on the K3 cover contains a 2-divisible 8-point subset. 

(4) // (p,c) = (2,6), then m{W^) = Z/(4), (Z/(2))®^ Z/(4) x Z/(2), or 
(Z/(2))®'^. The first case occurs if the QAi on W contains no 2-divisible A-point 
subset; the second if the 12Ai on the K3 cover of W contains only one 2-divisible 
8-point subset and the 6A1 on W contains a 2-divisible A-point subset; the third if 
the I2A1 on the K3 cover is a union of two 2-divisible 8-point subsets and the 6A1 
on W contains only one 2-divisible 4-point subset; the fourth if the 6A1 on W is a 
union of two 2-divisible 4-point subsets. 

(5) //(p,c) = (2,7), then m{W^) = (Z/(2))®4, (Z/(2))®2 x Z/(4), or Tsd, 
where 

T2C1 —< a, b, c\a^ = b^ = c^ = l,ab = ba, ac — ca'^b, bc — cb>. 

The first case occurs if the 7Ai on W is a union of three 2-divisible 4-point subsets; 
the second if the 7Ai on W is a union of one Ai and two 2-divisible 4-point subsets; 
the third if the 7Ai on W contains only one 2-divisible 4-point subset. 

(6) If{p,c) = (2,8), then 7ii{W^) = (Z®^ x Z/(2)) x Z/(2). 

All cases are supported by examples except the case with (p, c) = (2, 7) and 
7ri{W^) = (Z/(2))®4. (See Examples 3.12.) 

Proof. (1) and (6) follow from Table 1. 

(2) and (3) also follow from Table 1. Note that if a subconfiguration of Dynkin 
type 4Ai on W is 2-divisible, i.e. 4Ai is linearly equivalent to 2L for some L G 
Pic(VF), then both L and L -\- determine Galois double covers of W, which 
correspond to two of the three normal subgroups of (Z/(2))®^ of index 2. 

(4) From Table 1, we see that 7ri(VF°) is an extension of Z/(2) by Z/(2) or 
(Z/(2))®2. There are 5 possibilities: Z/(4), (Z/(2))®2, Z/(4) x Z/(2), (Z/(2))®3, 
or the dihedral group Ds of order 8. The last can be ruled out by observing that if 
TTi{X^) — (Z/(2))®^, then ni{W^) must have an odd number of normal subgroups 
isomorphic to (Z/(2))®^, while Dg has exactly two such subgroups. 

(5) In this case, Tri{W^) is an extension of Z/(2) by (Z/(2))®^. There are 4 
possibilities: (Z/(2))®4, Z/(4) x (Z/(2))®2, TaCi, or Ds x Z/(2). The last can be 
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of the seven curves is again an Enriques surface (with 4 points blown up) and that, 
by (4), no open Enriques surface with (p, c) = (2, 6) can have Dg as its fundamental 
group. 

Note that Z/(4) x (Z/(2))®^(resp. T2C1) has exactly 7 (resp. 3) normal subgroups 
of index 2. 

The group (Z/(2))®^ has 15 normal subgroups of index 2, and hence occurs as 
7ri{W^) only if the 7Ai contains 7 different 2-divisible 4-point subsets. This condi- 
tion is equivalent to that the 7Ai is a union Ki U K2 U Ks of three 2-divisible 
4-point subsets Ki, i = 1,2,3, where the seven 2-divisible 4-point subsets are 
Ki, ^2, i^3, i^iAKa, i^2Ais:3, i^i AKa and K1AK2AKS. 

3.10. Let X be the Kummer surface Km{Ei x E2), where Ei is an elliptic curve 
with fundamental period r^. Let (ai,a2) be the 2-torsion point ((1 -|- Ti)/2, (1 -|- 
T2)/2) e £"1 X £'2 and consider the following involution of Ei x E2 

a : {zi,Z2) {-zi + ai, Z2 + 02). 

Then a induces a fixed point free involution a on X and the quotient surface 
VFt-^ T-2 = is an Enriques surface. On have 12 smooth rational curves 

coming from the sixteen 2-torsion points, (a 2-torsion) XE2, and EiX (a 2-torsion). 
Their dual graph is given in Figure 3.10. 

Figure 3.10 

There contained in the graph are 16 different configurations of type Ig) half 
of them giving elliptic pencils on WVi,r2 and the other half corresponding to half 
elliptic pencils. We may assume that \Fi -\- F2 + + F^^ + + Fq + F-j + F^\ is an 
elliptic pencil. Then |2(Fi + F2 + F3 + F4 + + + ^7 + ^10) I is also an elliptic 
pencil. Modulo 2 in Pic(WT-i,r2) there are many congruences. To raise a few, we 
have the following : 

(1) Fi + F2 + F3 + F4 + F5 + + + = mod 2 in Pic(W^^,,^J. 

(2) F2 + F4 + Fg + Fii =F2+F(i + FQ + Fi2 = Q mod 2. 

(3) Fi + Fa + F5 + F7 = F2 + F4 + Fg + Fg = Kw mod 2. 

3.11. If Ti = T2 = -s/— T, then the special Enriques surface W^yzzi^/zii has 
additional 8 smooth rational curves, Fi3,Fi4, ••• , F20 [Kon, Example III]. Their 
dual graph is [Kon, Fig 3.5, p. 212], but we will use Fj instead of Ei in [Kon]. 

Examples 3.12. 

(3.12.1) (p,c) = (2,4) and tti{W^) = Z/(2) 

W = WVi,T2- Take the 4 curves, F2, F4, Fg, and Fg. Then the sum of the 8 curves 
on X has intersection number 1 with Fy" . Here we denote by F^ U Ff the inverse 
on X of Fj. 

(3.12.2) {p,c) = (2,4) and 7Ti{W^) = (Z/(2))®2 

W = W^ri,T2- Take the 4 curves, F2,F4,F9, and Fn. These form a 2-divisible 
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(3.12.3) {p,c) = (2,4) and ni{W^) = Z/(4) 

W = WVi,T2. Take the 4 curves, F2, F4, Fq, and Fg. Use 3.10.(3). 

(3.12.4) {p, c) = (2, 5) and tti{W^) = Z/(2) 

W = VF^/3T ^^i- Take the 5 curves, F4, Fe, Fg, Fg, and F14. 

(3.12.5) {p,c) = (2,5) and 7ri(iyO) = (Z/(2))®2 

= WVi,T2- Take the 5 curves, F2, F4, Fe, Fg, and Fn. 

(3.12.6) (p, c) = (2, 5) and 7ri(W^0) = Z/(4) 

W = Take the 5 curves, F2, F4, Fq, Fg, and Fg. 

(3.12.7) (j9, c) = (2, 6) and 7ri(W^0) ^ 2/(4) 

^ = Take the 6 curves, F2, F4, Fg, Fg, Fio, and Fig. 

(3.12.8) (p,c) = (2,6) and tii{W) = (Z/(2))®2 

^ = w^^^. Take the 6 curves, F4, Fe, Fg, Fio, Fn, and F15. 

(3.12.9) (p, c) = (2, 6) and tti{W^) = Z/(4) x Z/(2) 

W = Wt-i,t2- Take the 6 curves, F4, Fe, Fg, Fg, Fio, and F12. 

(3.12.10) (p,c) = (2,6) and tt^{W^) = (Z/(2))®3 

W = Wri^r2- Take the 6 curves, F4, Fg, Fg, Fio, -^ii) and F12. 

(3.12.11) {p,c) = (2,7) and miW) = (Z/(2))®2 x Z/(4) 

W = W^ri,T2- Take the 7 curves, F4, Fg, Fg, Fg, Fio, -^ii; and F12. 

(3.12.12) (p, c) = (2, 7) and 7ri{W^) = T2C1 

W = W^^^. Take the 7 curves, F4, Fg, Fg, Fio, Fn, F12, and F20. 
Combining results in this section, we conclude Theorem 2. 



§4. The proof of Theorem 3 

We now prove Theorem 3. 

Claim 1. H is either a K3 or an Enriques surface with at worst Du Val singu- 
larities of type Ap_i. 

Note that 2Kh ^ 2{Kv+H)\H 0. So we have only to show that iy^(Jf, Oh) = 
(and hence the irregularity of the resolution of H also vanishes because H has 
only rational singularities). Consider the exact sequence: 

^ Ov{-H) -^Ov ^Oh ^Q. 

This induces a long exact sequence of cohomologies. Now the Kawamata-Viehweg 
vanishing theorem implies that H^{V, Oy) = = H'^{V, 0{-H)), whence H^{X, Oh)| 
= 0. This proves Claim 1. 

Embed y in a projective space and let L be a general hyperplane on V such 
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smooth along this curve because H is Cartier. This is possible because the normal 
surface H has only finitely many singular points. By the result of Hamm-Le in [HL, 
Theorem 1.1.3], one has 7ri(l^°) = 7ri(L \ Ln Sing V). 

Claim 2. The natural homomorphism tti{H n L\H n Ln Sing V) ni{L\ Ln 
Sing V) is surjective. 

Let L L be the minimal resolution. By the assumption, if fl L is away from 
Sing L, and hence the pull back on L, denoted also hy HnL, of HnL is still smooth 
irreducible and also nef and big. Note that Hn Sing V C Sing H because H is 
Cartier. Hence H fl LnSing V = $hy the choice of L; similarly, A := Ln Sing V C 
Sing L. By [No, Cor. 2.3 and the proof of Cor. 2.4B], we obtain the surjectivity 
of the homomorphism 7Ti{H n L) — > 7ri(L \ A) = 7ri(L \ A), where A is the inverse 
of A and the latter equality comes from the observation that L\A— >L\Ais 
the minimal resolution of singular points in (Sing L) \ A and the fact that every 
singular point on L is log terminal because so is V and the generality of L [Kol, 
Theorem 7.8]. This proves Claim 2. 

Combining Claim 2 with the equality preceding it, we get a surjective homomor- 
phism 7ri{H n L\H n Ln Sing V) ni{V^). Since the above map factors through 
7ri{H \ Hn Sing V) — > 7ri(F°), the latter map is also surjective. 

On the other hand, Hn Sing V C Sing H, whence we have an inclusion H^ := H\ 
Sing H C H \ ifnSing V and its induced surjective homomorphism 'n:i{H^) 
7r'i{H \ ifnSing V). This, combined with the early sujective map in the preceding 
paragraph, produces a surjective homomorphism 7ri(-ff°) 7ri(y'^). This, together 
with Claim 1 and Theorems 1 and 2, implies Theorem 3. 

Added in proof. After the paper was submitted, we learnt that Conjecture B 
has been proved by S. Takayama under even weaker condition [Ta], though Con- 
jecture A is still open. 
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Figures 3.4.3, 3.7.1 and 3.10 are respectively Figures 1.4, 2.4 and 3.5 (with X^j^i Ei 
there replaced by Yli=i here) in [Kon]. 

In Table 1 below, we write SingX = cAp_i, X° = X - SingX. Let / : X ^ X be 
the minimal resolution with D = /"^(SingX). H or Hi is a 2-divisible configuration 
of P^'s of Dynkin type 8Ai. R or i?j is a 3-divisible configuration of P^'s of Dynkin 
type QA2. 

Table 1 

No.l: p = 2; 1 < c < 11; Z[D] is primitive in H'^{X, Z); 7ri(X°) = (1); Y = X. 

No.2: p = 2; 8 < c < 11; Z[D] is non-primitive in H^{X,Zy, ni{X^) = Z/(2); 
Singy = 2(c- 8)Ai. 

No.3: p = 2; c = 12; SuppD contains only one H; 7ri(X°) = Z/(2); SingF = 8A1. 
No.4: p = 2; c = 12; SuppD = Supp{Hi + H2)] ni{X^l = (Z/(2))®2; Y is smooth. 
No.5: p = 2; c = 13; Z[D] is non-primitive in H'^{X,Z); 7Ti{X^) = (Z/(2))®2; 
Singr = 4^i. 

N0.6: p = 2;c=U; Z[D] is non-primitive in H^{X, Z); 7ri{X^) = {Z/{2))®^; Y is 
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No.7: p = 2; c = 15; Z[D] is non-primitive in H'^{X, Z); miX^) = ((2/(2))®^; y 
is smooth. 

No.8: p = 2; c = 16; Z[D] is non-primitive in H^{X,Z); 7ri(X0)/(Z®^) = Z/(2); 
r = C2. 

No.9: p = 3; 1 < c < 7; Z[D] is primitive in Z); 7ri(X0) = (1); y = X. 

No.lO: p = 3; 6 < c < 7; Z[D] is non-primitive in H^{X,Z)- ni{X^) = Z/(3); 
Singy = 3(c-6)^2• 
No.ll: p = 3; c = 8; ^wppD contains only one R; 7ri(X°) = Z/(3); SingY = 6^2- 
No.l2: p = 3; c = 8; SuppD = Supp{Ri + R2); ^X^) = ((Z/(3))®2; y is smooth. 
No.l3: p = 3; c = 9; Z[D] is non-primitive in H'^{X,Z); tti{X^)/{Z®^) = Z/(3); 
Y = C\ 

No.l4: p = 5; 1 < c < 4; Z[D] is primitive in H'^{X, Z); 7ri(X0) = (1); Y = X. 

No.l5: p = 5; c = 4; Z[D] is non-primitive in H^{X,Z)- 7ri(X°) = Z/(5); F is 
smooth. 

N0.I6: p = 7; 1 < c < 3; Z[D] is primitive in H^{X, Z); 7ri(X°) = (1); Y = X. 

No.l7: p = 7; c = 3; Z[D] is non-primitive in H^{X,Z); 7ri{X'^) = Z/(7); F is 
smooth. 

N0.I8: p > 7; c > 1; Z[i:»] is primitive in H'^iX, Z); 7ri(X0) = (1); Y = X. 



In Table 2 below, X is the K3 cover of the Enriques surface W. W is minus a 
configuration G of P^'s of Dynkin type cAp_i. D is the inverse on X of G; so -D 
has Dynkin type 2cAp-i. H or Hi (resp. or K^) is a 2-divisible configuration 
of P-'^'s of Dynkin type 8^1 (resp. AAi) on X (resp. on W). R or Ri (resp. T) is 
a 3-divisible configuration of P^'s of Dynkin type 6^2 (resp. 3^2) on X (resp. on 
W). Ai is a P^ on W. Ss is the symmetric group on 3 letters. Diq is the dihedral 
group of order 10. We do not know if No. 14 or No. 20 in Table 2 is realizable. 

Table 2 

No.l^ P = 2; 1 < c < 3; Z[G] is primitive in H'^{W,Z); Z[D] is primitive in 
H\X,Z)-7r,{W') = Z/{2). 

No.2: p = 2; c = 4; Z[G] is primitive in H^{W, Z); Z[D] is primitive in H'^{X, Z); 

7Ti{W^)=Z/{2). 

No. 3: p = 2; c = 4; Z[G] is non-primitive in H'^{W,Z); Z[D] is non-primitive in 
if2(X,Z);7ri(W-0) = (Z/(2))®2. 

No. 4: p = 2; c = 4; Z[G] is primitive in H^{W,Z); Z[D] is non- primitive in 
H^{X,Z);MW') = Z/{4). 

No.5: p = 2; c = 5; Z[G] is primitive in iy2(W, Z); Z[i:)] is primitive in H'^{X, Z); 
7ri(VrO) = Z/(2). 

No. 6: p = 2; c = 5; Z[G] is non-primitive in H'^{W,Z); Z[D] is non-primitive in 
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No.7: p = 2; c = 5; Z[G] is primitive in H^{W,Z); Z[D] is non-primitive in 
ij2(X,Z);7ri(W^0) = Z/(4). 

No.8: p = 2; c = 6; Z[G] is primitive in H'^{W, Z); miW^) - Z/(4). 

No. 9: p = 2; c = 6; SuppG contains only one K; SuppD contains only one H; 

7ri(H^0) = (Z/(2))®2. 

No. 10: p = 2; c = 6; SuppG contains only one K\ SuppD = Supp{Hi + H2); 
7ri(W^0) = Z/(4)xZ/(2). 

No.ll: p = 2; c = 6; SuppG = Supp{Ki + K2); SuppD = Supp{Hi + H2); 

miW) = (z/(2))®3. 

No. 12: p = 2; c = 7; SuppG contains only one K; SuppD — Supp{Hi + H2 + Hs); 
m{W^) - (Z/(4) X Z/(2)) X Z/(2). 

No.l3: p = 2; c = 7; SuppG = Supp{Ki + K2 + Ai); SuppD = Supp{Hi + H2 + H3); 
7ri(W^0) = Z/(4) X (Z/(2))®2. 

No.l4: p = 2; c = 7; SuppG = Supp{Ki + K2 + K^)\ SuppD = Supp{Hi + H2 + Hz)\ 
7ri(^yO) = (Z/(2))®1 

No. 15: p = 2; c = 8; Z[G] is non-primitive in Z); Z[D] is non-primitive in 

H^{X,Z)- 7ri(W^0) = (Z®2 >^ Z/(2)) X Z/(2). 

N0.I6: p = 3; 1 < c < 2; Z[G] is primitive in H'^{W,Z)- Z[D] is primitive in 

H^{X,Z)-'K,{W^)=Z/{2). 

No.l7: p = 3; c = 3; Z[G] is primitive in if^j^W^^ Z); Z[L»] is primitive in H'^iX, Z); 
7ri(W-0) = Z/(2). 

No. 18: p = 3; c = 3; Z[G] is non-primitive in iy^(W,Z); Z[D] is non-primitive in 
iy2(X,Z);7ri(W-0) = Z/(6). 

No. 19: p = 3; c = 3; Z[G] is primitive in H'^{W,Z); Z[D] is non-primitive in 

HHX,Z);m{W^)=Ss. 

No. 20: p = 3; c = 4; SuppG contains only one T; SuppD contains only one R; 

m{w') = z/{6). 

No. 21: p = 3; c = 4; SuppG contains only one T; SuppD = Supp{Ri + i?2); 
7ri(W^0) = >S3xZ/(3). 

No.22: p = 5; c = 1; Z[G] is primitive in H^{W, Z); Z[D] is primitive in H^{X, Z); 
7ri(^0) = Z/(2). 

No.23: p = 5; c = 2; ZfG] is primitive in H'^{W, Z); Z[D] is primitive in Z); 
7ri(T^0) = Z/(2). 

No. 24: p = 5; c = 2; Z[G] is non-primitive in H'^{W^Z)\ Z[D] is non-primitive in 

H\X,Z)-n,{W^)=Z/{lQ). 

No. 25: p = 5; c = 2; Z[G] is primitive in H'^{W,Z); Z[D] is non-primitive in 
iy2(x,Z);7ri(W^O)=Dio. 

No.26: p = 7; c = 1; Z[G] is primitive in H'^{W, Z); Z[i:)] is primitive in H'^{X, Z); 
7ri(W^0) = Z/(2). 



